We introduce a simple, exact and closed-form formula for pricing the arithmetic Asian options. The pricing formula is as simple as the classical Black-Scholes formula. In doing so, we show that the distribution of the continuous average of log-normal variables is log-normal.
The literature on pricing the arithmetic Asian options has two main features in common. First, it relies on approximations. Secondly, it largely adopts (very) complex methods. Consequently, this paper overcomes these two limitations. In this paper, we use a pioneering approach to pricing the arithmetic Asian options. In doing so, we present an exact (yet very simple) method. Particularly, we show that the price of the arithmetic Asian option is exactly equivalent to the price of the European option with an earlier (known) expiry. The pricing formula is as simple as the classical Black-Scholes formula. We also show that the distribution of the continuous aritmetic average is lognormal.
The method
The arithmetic average of the price underlying asset S (u) over the time interval [t, T ] is given by
where t is the current time and T is the expiry time. So that, using the
where r is the risk-free rate of return. By the mean value theorem for integrals,
This implies that e r(T −t) −1 r(T −t) = e r (t −t ) . We can solve fort − t as followŝ
498. We also can show that A t is log-normal 1 and equal to S t ; thus the Black-Scholes formula can be directly and exactly applied. That is, the price of the Asian option (expiring at time T ) is given by
where K is the strike price. Clearly, this is the price of a European option with expiryt. Thus, the price of the arithmetic Asian option (with expiry time T ) is equal to the price of the equivalent European option with expiry timet. This explains why the Asian option is cheaper than its European counterpart.
Needless to say, the pricing formula for an arithmetic Asian call with expiry time T is
where s is the current price,
1 See the appendix for the proofs. (1) since (dS (t)) 2 = σ 2 (S (t)) 2 dt. The left-hand-side of (1) is clearly log-normal (a lognormal plus a constant), and the right-hand-side of the equation is a sum of lognormal variables; therefore, the sum (or average) of log-normal variables is log-normal.
We can also present the sum without the constant s 2 by differentiating both sides of (1) with respect to r ∂ (S (T )) 2 ∂r = 2s
clearly the left-hand-side of the above equation is log-normal, and the righthand-side of the equation is a sum of log-normal variables.
We can also show that the integral alone is log-normal; dividing both sides by S (T ) yields
where X ≡ ∂(S(t)) 2 S(T )∂r ; the left-hand-side of the above equation is log-normal, and the right-hand-side of the equation is a sum of log-normal variables.
2. The simplest and intuitive proof is that the time continuity implies 3. The outcomes of A t are the averages of paths and therefore they are outcomes (realizations) of prices. That is, each outcome is in the form
where Ω is an outcome of a Brownian motion; thus it can be expressed as A t = S (t) e (r− 1 2 σ 2 )u+W(u) ; otherwise it will not be possible, using the price probability density, to obtain EA t = S (t) e r(t−t) .
4.
Using the classical mean-value theorem, it is straightforward to show that the variance of A t is in the form S (t) 2 e (2r+σ 2 )u e σ 2 u − 1 . Higher moments can also be obtained by the classical mean-value theorem; and on a bounded interval, the distribution is identified by its moments.
